In the present work, we have obtained closed analytical expressions for eigenvalues and eigenfunctions of the Bohr Hamiltonian with the Manning-Rosen potential for γ−unstable nuclei as well as exactly separable rotational ones with γ ≈ 0. Some heavy nuclei with known β and γ bandheads have been fitted by using two parameters in the γ−unstable case and three parameters in the axially symmetric prolate deformed one. A good agreement with experimental data has been achieved.
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I. INTRODUCTION
Nowadays several attempts have been devoted to construct analytical solutions of Schrödinger equation associated with the Bohr Hamiltonian [1] and various model potentials with the aim of describing appropriately shape phase transitions in atomic nuclei, particularly those which are related to the issue of critical point symmetries, namely : E(5) [2] and X(5) [3] . The first symmetry corresponds to transition from vibrational U(5) to γ−unstable nuclei O(6), while the second one corresponds to transition from vibrational spherical shape U(5) to prolate deformed nuclei SU (3) . Besides, the symmetry E(5) [2] represents a solution of the Bohr Hamiltonian with a potential assumed to be independent of the γ collective variable, while in the X(5) [3] symmetry case the γ potential has a minimum at γ = 0. In the framework of the interacting boson approximation (IBA) model [4] the O(6) group has been first introduced to explain spectrum of the γ-unstable nucleus [5] . The geometrical picture of the O(6) group has shown to emerge in the coherent state formalism of the IBM, giving similar γ-flat potential energy surface to the collective model [6] . Caprio and Iachello [7] have extensively addressed the geometries of dynamical symmetries of IBM in relation to quantum phase transitions. Very recently, a more realistic calculation on the γ-softness has been presented within the IBM in connection to the microscopic potential energy surface [8] .
The aim of the present work is to search for adequate solutions of the eigenvalues and eigenvectors problem allowing better theoretical predictions for γ-unstable and axially deformed nuclei. For this purpose, instead of the infinite square well potential used in the original works [2] and X(5) [3] we adopt the Manning-Rosen potential as used in [9] for the β-part of the nuclear potential. While, the γ-part is taken to be equal to the harmonic oscillator one in the case of prolate axially deformed nuclei. Thus, by means of the asymptotic iteration method [10, 11] , we derive closed analytical expressions for the a mchabab@uca.ma b alaaeddine.lahbas@edu.uca.ma c oulne@uca.ma energy spectrum and the corresponding wave functions. Similar works exist in the literature with other potentials like the Coulomb [12] , Kratzer [12] , harmonic oscillator [13] , Davidson [14] and Morse [15] potential. This paper is organized as follows : In Section II the asymptotic iteration method is briefly described. In section III, we achieved the exact separation of the Bohr Hamiltonian in γ-unstable and prolate axial rotor case. Excited-state wave functions are given in Section IV, while the numerical calculations for energy spectra and comparisons with experimental data are presented in section V. Finally, Section VI contains our conclusion.
II. OVERVIEW OF THE ASYMPTOTIC ITERATION METHOD
As already mentioned, the asymptotic iteration method (AIM) [10, 11] has been proposed and applied [16] [17] [18] [19] [20] [21] to solve the second-order homogeneous differential equation of the form
where the variables s 0 (x) and λ 0 (x) are sufficiently differentiable with λ 0 (x) = 0. The differential equation (1) has a general solution
If we have n > 1, for sufficiently large n, α(x) values can be obtained
with
This method consists of converting the Schrödinger equation into the form of Eq. (1) for a given potential. Then, λ n 's and s n 's parameters are computed by means of the recurrences relations of Eq. (4). The energy eigenvalues are then calculated by means of the following quantization condition [10] 
III. EXACT SEPARATION OF THE BOHR HAMILTONIAN
The original collective Bohr Hamiltonian is given by [1] 
where β and γ are the usual collective coordinates, Q k (k = 1, 2, 3) are the components of angular momentum in the intrinsic frame, and B is the mass parameter.
A. The γ−unstable case For γ−unstable structure case, the potential energy is independent of γ, namely V (β, γ) = V (β). The separation of variables is achieved by assuming a wave function of the form [22] :
where θ i (i = 1, 2, 3) are the Euler angles. Then the separation of the variables leads to a system of two differential equations, one containing only the β variable, while the second contains the γ variable and the Euler angles, i.e. :
where the reduced energies and reduced potentials are defined as ǫ = 2BE/ 2 , u = 2BV / 2 , respectively. Λ is the separation constant. The γ and Euler angles equation (9) has been solved by Bès [23] . In this equation, the eigenvalues of the secondorder Casimir operator SO(5) are expressed in the following form Λ = τ (τ + 3), where τ is the seniority quantum number, characterizing the irreducible representations of SO (5) and taking the values τ = 0, 1, 2, ... [24] .
The values of angular momentum L occurring for each τ are provided by a well known algorithm and are listed in [25] . The ground state band levels are determined by L = 2τ .
Concerning the radial part (8), the Rosen-Manning potential u(β) where a unit depth [9] is used
where α is a screening parameter characterizing the range of the potential and the parameter β 0 indicates the position of the minimum of the potential. For small values of β, the Manning-Rosen potential reproduces exactly the Kratzer potential [26] with an additive constant. Moreover, if we expand both potentials : Manning-Rosen and Kratzer around the minimum of the potential β 0 , we get the harmonic-oscillator potential. Through the following transformation of the radial function ξ(β) = β −2 χ(β), the radial equation (8) leads to :
(11) For L-wave (L =0 states), the above equation cannot be solved analytically. Then, in order to obtain quasianalytical solutions of (11), we need to employ GreeneAldrich approximation [27] to the centrifugal term similar to other authors [28] [29] [30] ,
This approximation is valid only for small values of the screening parameter α.
To solve Eq. (11) within AIM [10] , we consider the following ansatz for the function f (y), with the new variable y = e −αβ ,
Substituting the approximation (12) and the function Eq. (13) into Eq. (11) we get
The first and the second terms in the right hand side of the above equation represent the s 0 and λ 0 functions of Eq. (1) respectively. We compute the s n and λ n by the recurrence relations of equation (4). Then, through the quantization condition of the method, given in Eq. (5) we obtain the generalized formula of the radial energy eigenvalues :
where n is the principal quantum number and with:
B. The prolate axial rotor case
In this case, the reduced potential v(β, γ) = 2BV / 2 depends on the asymmetry γ. However, to achieve exact separation of variables, we assume a potential of the form [12, 14, 15, 22] 
For the γ-potential, we use a harmonic oscillator [3, 14] w
where c is a free parameter.
As the γ potential is minimal at γ = 0, one can write the angular momentum term of Eq. (6) as [3] k=1,2,3
Using wave functions of the form
where D(θ i ) denote Wigner functions of the Euler angles. L are the eigenvalues of angular momentum, while M and K are the eigenvalues of the projections of angular momentum on the laboratory fixed x-axis and the bodyfixed x ′ -axis respectively. Then separation of variables leads to
whereΛ represents a parameter coming from the exact separation of the variables, obtained from the γ equation.
The equation (23) 
where n γ is the quantum number related to γ-oscillations. By using the Greene-Aldrich approximation [27] and after solving the β equation (22) with the Manning-Rosen potential (10) through AIM [10] , we obtain for the energy spectrum the following formula
where n is the principal quantum number, and with
IV. THE RADIAL WAVE FUNCTIONS
The radial equations (11) and (22) have the same form. Then, the radial function ξ(β) corresponding to the n th eigenvector of Eq.(15) becomes (27) with ν = 1 − ǫ n,L /α and µ in each case acquires the following form:
• For γ-unstable nuclei it is given by
• For axially symmetric prolate deformed nuclei it should be replaced by
The radial wave functions of Eq.(15) are obtained through Eq. (2) f (y) = N n,L 2 F 1 (−n, n + 2µ + 2ν; 1 + ν; y) (28) where N n,L is a normalization constant and 2 F 1 are hyper-geometrical functions. In order to normalize the function f (y), we convert hypergeometrical functions to Jacobi polynomials by means of Eq. (4.22.1) given in [31] . The radial wave function can be written as
Therefore, N n,L is obtained from the normalization condition:
Using the usual orthogonality relation of Jacobi polynomials (see Eq. (7.391.1) of [32] ) we get
The obtained energy spectrum formulas Eq. (16) and Eq. (25) in both cases of γ-unstable and axially symmetric deformed nuclei, respectively are applied to calculate excitation energies of nuclei with a mass number 100 ≤ A ≤ 250. As it is shown above in γ−unstable case, the energy spectrum depends on two free parameters (α, β 0 ) while in the axially symmetric prolate deformed nuclei it depends on three free parameters (α, β 0 , c). All these parameters have been fixed by fitting the excitation energies normalized to the energy of the first excited state E(2 + g.s. ). The root mean square (rms) deviation between the theoretical values and the experimental data
is used to evaluate the quality of our results. n is the number of levels. The excitation energies for 25 γ-unstable nuclei with mass number A > 100 and E(4 + g.s. )/E(2 + g.s. ) < 2.6 are shown in Table I . The fitted parameters come from the Manning-Rosen potential, namely : β 0 the minimum and α the screening of the β potential. The theoretical predictions are done with Eq.(16) for low-lying bands which are classified by the principal quantum number n. The ground state band (g.s.) with n = 0, the β-band with n = 1 and the γ-band is obtained from degeneracies of the g.s. level. From Table I , it is clear that the ManningRosen potential gives generally good results in comparison with experimental data [36] .
The evolution and the shape of Manning-Rosen potential for some 48 Cd isotopes are shown in Fig.1 with the parameters given in Table I . It is shown that the potential gets deeper as one moves from 112 48 Cd to 118 48 Cd, because β 0 and α increase (see Table I ).
In Table II , we have also fitted the spectra of some axially symmetric deformed nuclei with mass number A ≥ 150, E(4 + g.s. )/E(2 + g.s. ) > 2.9 for which the bandheads of the β and γ bands are known experimentally. The theoretical calculations are obtained from Eq. (25), while the bands are classified by the quantum numbers n, n γ and K, such as the ground state is n = 0, n γ = 0, K = 0, the β-band is n = 1, n γ = 0, K = 0, and the γ-band is n = 0, n γ = 1, K = 2. We remark a good agreement between our theoretical predictions and the experimental data in the g.s. and γ bands, while in the β band our results are relatively larger than the experimental ones.
In general the experimental ratios R 0/2 of the considered nuclei are well reproduced by the present model, while for a part of these nuclei it seems that other β potentials as Davidson [14] or sextic [33] type would be more appropriate for a better agreement.
The obtained Manning-Rosen potential for some 64 Gd isotopes is shown in Fig. 2 with the parameters given in Table II . As one moves from 158 64 Gd to 162 64 Gd, the β 0 increases, but the α parameter with c which is associated to the stiffness of the γ potential, decrease.
In Fig.3 and Fig.4 , one can see that our calculations reproduce well the experimental energy spectra of the 166 Er and 134 Xe. A good agreement between our pre-dictions and the experiment is achieved particularly for the g.s. and γ bands. As to the β band, a slight discrepancy between the theory and experiment is observed especially in the high levels region. Such a discrepancy may affect the quality factor σ r.m.s. of our theoretical predictions for some nuclei like 238 U (see Tables I and  II ) . Despite this small defect in the β band, as we can see in Fig. 5 the Manning-Rosen potential has proved its ability to reproduce adequately the experimental energy spectrum of 238 U in comparison with the calculated spectrum with Davison potential within the deformation dependent mass formalism (DDMF) [34] bearing in mind that the DDMF [34, 35] introduces an extra fitting parameter which allows enhancing the precision of the numerical results, while our calculations have been carried out only with a constant mass parameter.
VI. CONCLUSION
In this work, we have investigated analytical solutions for Bohr Hamiltonian with Manning-Rosen potential. By using the improved Greene-Aldrich approximation for the centrifugal term, we obtained the energy eigenvalues and the corresponding normalized radial wave functions expressed in terms of the Jacobi polynomials. From mathematical point of view: this is achieved through the use of IAM. Analytical expressions for the spectra and wave functions have been derived. From the physical point of view : spectra for γ-unstable and axially symmetric prolate deformed nuclei have been calculated and compared to experimental data. The obtained numerical results for more than 40 nuclei indicate that a good overall agreement with the experimental data is achieved in both cases. ) respectively. Lg, L β and Lγ characterized the angular momenta of the highest levels of the ground state, β and γ bands respectively, included in the fit. 
